In the article, we establish several inequalities for the Ramanujan constant function 
Introduction
For x > , the classical gamma function (x) and the psi function ψ(x) are, respectively, defined by 
R(x) = -γ -ψ(x) -ψ( -x). (.)
Very recently, Wang et al. [] proved that the double inequality
The main purpose of this paper is to improve inequality (.).
Lemmas
In order to prove our main results we need several lemmas, which we present in this section.
and
is strictly monotone, then the monotonicity in the conclusion is also strict.
Lemma . (See [])
The double inequality
holds for all x ∈ (, ).
k= be defined by (.) and (.), and {b k } ∞ k= be defined by
Proof We use mathematical induction to prove Lemma .. From (.), (.), and (.) we clearly see that Lemma . holds for k =  and k = . Suppose that k  ≥  and
holds for all k ≤ k  . Then it follows from (.), (.), and (.) that
(  .  ) Equation (.) shows that (.) also holds for k = k  + . Therefore, Lemma . follows from (.) and the induction hypothesis (.).
Lemma . The double inequality
be, respectively, defined by (.), (.), (.), and (.), F n (x) be defined by (.), and f n (x) and g n (x) be defined by
Then it follows from (.)-(.), Lemma ., and equation (.) that
From Lemma ., Lemma ., (.), and (.) we clearly see that
Equations (.) and (.) together with inequality (.) lead to the conclusion that
for all x ∈ (, π/). Letting n = , then inequality (.) follows easily from (.), (.), and (.).
Remark . We clearly see that both the first and the second inequalities in (.) become to equations if x = π/. If x = , then the first inequality of (.) also holds and the second inequality of (.) becomes to equation.
Lemma . Let n ∈ N and R(x) be the Ramanujan constant function given by (.). Then the double inequality
holds for all x ∈ (, /] and n ≥ .
Proof Let n ∈ N, x ∈ (, /], and
Then (.) and (.) together with the mean value theorem lead to
for x ∈ (, /], where θ ∈ (, ). It follows from (.) and (.) that
Therefore, Lemma . follows from (.) and (.). 
Lemma . Let A(t) and B(t) be defined by A(t) = (t

A(t) -B(t) = -t( -t)(t  -,t + ,) ( -t)(-,t  + ,t  -,t  + ,t + ,) . (.)
Lemma . Let B(t) be defined by (.).
Then
Proof From (.) we clearly see that B() = ,/ = . < π , which implies that inequality (.) holds for t = . Let t ∈ (, /). Then √ tπ ∈ (, π/) and the second inequality in (.) leads to
It follows from (.) and (.) that 
Main results
Theorem . Let R(x) be the Ramanujan constant function given by (.) and C(x) be defined by
Proof Let n = , then the first inequality of (.) leads
Let n =  and x ∈ (, /), then (.) and the second inequality of (.) give
If x = /, then (.) and (.) lead to
Theorem . Let R(x) be the Ramanujan constant function, given by (.), and the function A(t) be defined by (.). Then the inequality
Proof Let C(x) be defined by (.). Then from (.) and  log  = . · · · >  together with
for y >  and x ∈ (, /] we clearly see that
Therefore, Theorem . follows from (.) and (.).
Theorem . Let R(x) be the Ramanujan constant function given by
Proof It is well known that
It follows from Lemma . and (.) that
Note that Therefore, inequality (.) is an improvement of the first inequality given by (.).
Remark . We clearly see that inequality (.) is an improvement of the second inequality given by (.).
